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Weak-coupling theory of neutron scattering as a probe of altermagnetism
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Inelastic neutron scattering provides a powerful probe of the magnetic excitations of quantum magnets.
Altermagnets have recently emerged as a new class of magnets with vanishing net magnetization characteristic
of antiferromagnets and with a spin-split electronic structure typical of ferromagnets. Here we introduce a
minimal Hubbard model with two-sublattice orthorhombic anisotropy as a framework to study altermagnetism.
Using unrestricted Hartree-Fock calculations, we find an altermagnetic state for this model that evolves from a
metallic state to an insulating state with increasing Hubbard-U Coulomb repulsion. We then examine the inelastic
neutron scattering response in these states using random-phase approximation calculations of the dynamic spin
susceptibility χ ′′(q, ω). We find that the magnetic excitation spectrum depends on its chirality for q along certain
directions in reciprocal space, an observation that may be used in inelastic neutron scattering experiments as a
probe of altermagnetism.
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I. INTRODUCTION

Altermagnetism has emerged as a new class of mag-
netism [1–4]. As conventional antiferromagnets, altermagnets
have an alternating spin polarization in real space. In con-
trast to antiferromagnets, however, the magnetic ordering in
altermagnets breaks the PT (parity times time-reversal) sym-
metry. As a consequence, the spin splitting also appears in
reciprocal space in the electronic band structure. A large
number of candidate materials have already been identified to
host altermagnetism, including RuO2 [5–7], FeSb2 [8], and
other materials [1,2]. When rotational C4 symmetry is pre-
served, such as in RuO2, the band-dependent spin polarization
has dx2−y2 symmetry, and the analogy with unconventional
d-wave superconductivity as observed in the cuprates has
been pointed out [2]. Moreover, based on their unique elec-
tronic structure, several phenomena have been proposed that
are especially useful for spintronics applications with itinerant
electrons [1,2,9,10].

While the unique electronic structure of altermagnets has
received the most attention, especially in the context of spin-
tronics applications, the momentum-dependent spin splitting
and spin dynamics have just now started to become the fo-
cus of research. For example, Ghorashi et al. proposed a
heterostructure consisting of an altermagnet and a supercon-
ductor as a platform to create Majorana zero modes with net
zero magnetization [11]. Steward et al. used a phenomeno-
logical model for the spin dynamics to propose a way to
directly assess the spin excitations in altermagnets from the
phonon spectrum utilizing the coupling between spin exci-
tations and the lattice’s degree of freedom [12]. Moreover,
Šmejkal et al. theoretically examined the spin excitations
in RuO2 [13] based on strong-coupling linear spin-wave
theory and found an alternating chirality splitting in the
magnon bands different from the chirality-degenerate magnon
bands in conventional antiferromagnets. Many candidate

altermagnets, however, are weakly correlated itinerant sys-
tems, such as RuO2 for example, and especially the materials
that are more favorable for practical applications in spin-
tronics. In that case, a more natural starting point is a
weak-coupling theory based on an itinerant picture.

Here we use weak-coupling theory to examine the spin
dynamics in altermagnets and explore how inelastic neutron
scattering in the magnetically ordered state can be used to
distinguish between a conventional antiferromagnetic and an
altermagnetic state. To this end, we introduce a minimal
microscopic Hubbard model with an on-site Coulomb U re-
pulsion for an altermagnet, and a corresponding model for
an (anisotropic) antiferromagnet. We first study the phase
diagram of these models for varying U using Hartree-Fock
(HF) theory. Next, we proceed to explore the structure of
the inelastic neutron scattering in the magnetic state for both
altermagnetic and antiferromagnetic models using a weak-
coupling random phase approximation.

II. MODEL

To model the altermagnetic state, we start with a two-
dimensional (2D) Hubbard model on a square lattice with the
total number of lattice sites, L. Its Hamiltonian,

H = −
∑
i j,σ

(ti j + μδi j )c
†
iσ c jσ + U

∑
i

ni↑ni↓, (1)

is formulated in terms of the usual electron creation (c†
iσ ) and

annihilation (ciσ ) operators for sites i and spin σ , their cor-
responding number operators niσ = c†

iσ ciσ , the single-particle
hopping amplitude ti j between sites i and j, and the on-site
Coulomb repulsion U . μ is the chemical potential. As shown
in Figs. 1(a) and 1(b), the 2D square lattice is divided into A
and B sublattices to allow for different intrasublattice (A-A and
B-B) hopping terms. We include three terms for the hopping
amplitude ti j : a nearest-neighbor (inter-sublattice A-B) term
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FIG. 1. Illustration of the models considered in the calcula-
tions: (a) Altermagnet when sublattices A and B have opposite spin
polarizations and (b) antiferromagnet which has an orthorhombic
anisotropy.

t0 and third-nearest-neighbor (intrasublattice A-A and B-B)
terms t1 and t2, which break the sublattice C4 symmetry. The
minimal model we propose to describe the altermagnetic state
is illustrated in Fig. 1(a). On sublattice A, it has intrasublattice
hopping t1 along x and t2 along y. On the B sublattice, t1 and
t2 are switched. Fourier transforming the first (noninteracting)
term of the Hamiltonian in Eq. (1) to reciprocal space gives

H0 =
∑
k,σ

ψ
†
kσ h(k)ψkσ

. (2)

Here, k is the crystal momenta of a sublattice, ψ
†
kσ =

(c†
Akσ , c†

Bkσ ) and

h(k) = 1
2 [εAA(k) + εBB(k)]τ0 + εAB(k)τ1

+ 1
2 [εAA(k) − εBB(k)]τ3 − μτ0, (3)

with

εAA(k) = −2t1 cos 2kx − 2t2 cos 2ky, (4)

εBB(k) = −2t2 cos 2kx − 2t1 cos 2ky, (5)

εAB(k) = −2t0(cos kx + cos ky), (6)

and τi the Pauli matrices in sublattice space. As we will see,
the band structure of this model leads to an altermagnetic state
that breaks PT symmetry.

For comparison, we will also consider an analogous model
with translationally invariant hopping amplitudes that sup-
ports a conventional antiferromagnetic state. As illustrated in
Fig. 1(b), this model has the same t1 and t2 hopping terms
on both the A and B sublattices so that εBB(k) = εAA(k).
In this case, we will see that its magnetic band structure is
twofold (spin) degenerate and therefore does not violate the
PT symmetry.

In the following, we take t0 = 1 as the unit of energy
and set t1 = 0.4t0 and t2 = 0.2t0. The chemical potential μ

is adjusted so that the model is half filled with an average site
filling 〈n〉 = 1.

III. HARTREE-FOCK PHASE DIAGRAM

We start by analyzing the models shown in Fig. 1 with
the Hamiltonian in Eq. (1) using an unrestricted Hartree-Fock
approximation. This approximation allows one to investigate

possible symmetry-broken phases of interacting models and
excitations from such phases.

To proceed, we introduce a mean-field decoupling in the
interaction term of Eq. (1) as

Uni↑ni↓ ≈ U {ni↑〈ni↓〉 + 〈ni↑〉ni↓ − 〈ni↑〉〈ni↓〉}

= −
∑

σ

1

2
U (Miσ − Ni )niσ , (7)

where Mi ≡ 〈ni↑ − ni↓〉 and Ni ≡ 〈ni↑ + ni↓〉 are the spin
antisymmetric and spin symmetric combinations of 〈niσ 〉, re-
spectively. In the second line of Eq. (7), the constant term
U 〈ni↑〉〈ni↓〉 is neglected.

We explore a self-consistent solution, in which the elec-
tron density is uniform while the spin polarization alternates
between sublattices A and B, such that NA = NB = N and
MA = −MB = M. This is achieved by diagonalizing the 4 × 4
mean-field Hamiltonian,

H0 =
∑

k

ψ
†
k [h(k) ⊗ σ0 − hτ3 ⊗ σ3]ψk , (8)

and self-consistently computing the mean-field order parame-
ters 〈niσ 〉. Here, ψ

†
k = (c†

Ak↑, c†
Bk↑, c†

Ak↓, c†
Bk↓), and σi are the

Pauli matrices acting on the spin space. h = 1
2UM is the stag-

gered Zeeman field, and 1
2UN is absorbed into the chemical

potential μ. The self-consistency condition is given by

〈n	〉 = 1

L

∑
k,ν

a	∗
ν (k)a	

ν (k) f (ξνk − μ), (9)

where 	 = (l, σ ) labels the sublattice, l = A, B, and spin,
σ =↑,↓, ξνk are the k-dependent energy eigenvalues of band
ν with the corresponding eigenvectors given by a	

ν (k) =
〈μk|	k〉, and f (ξνk − μ) is the Fermi distribution function.

Figure 2(a) shows the magnetization M = 〈n↑ − n↓〉 for
the A sublattice (the magnetization on the B sublattice is −M)
as a function of the Coulomb U repulsion. For the altermag-
netic model, as shown in Fig. 2(a), we find a magnetic state
with staggered spin polarization (M on sublattice A, −M on
sublattice B) above a threshold of U � 3.5t0. Right above
this critical U , we find a metallic state for a small range of
U as shown by the orange region, in which the sublattice
magnetization M and the corresponding Zeeman mean field
h rapidly rise with increasing U . For larger U , the band
structure becomes gapped and the increase of M and h slows
down significantly in the green-shaded insulating region. The
corresponding band structure in the altermagnetic state is il-
lustrated in Fig. 2(b) for the metallic system at U = 3.6t0, and
in Fig. 2(c) for an insulating system at U = 4t0. In both cases,
the band structure has four different bands resulting from the
sublattices and the spins, i.e., unlike in the antiferromagnetic
state, the spin degeneracy is lifted, and the splitting between
spin up (red) and down (blue) depends on the crystal momen-
tum k. As can be seen from the color shading in the figure,
the splitting has a dx2−y2 structure in momentum space. For
the smaller U metallic state in Fig. 2(b), the bands cross the
Fermi level, resulting in four electron pockets at the corners
[(π, 0), (0, π ), etc.] of the reduced Brillouin zone, and four
hole pockets at the zone edges, as shown in the inset of
Fig. 1(a). One sees that C4 rotational symmetry of the band
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FIG. 2. Hartree-Fock results for (a)–(c) altermagnetic and (d)–(f)
antiferromagnetic models. (a) and (d) show the magnetization M for
the A sublattice and the corresponding Zeeman field h. (b),(e) and
(c),(f) show the band structures in the metallic states with U = 3.6t0

and the insulating states with U = 4.0t0, respectively. Red and blue
bands in (b) and (c) indicate the spin-↑ and spin-↓ components,
respectively, showing dx2−y2 -type k-dependent spin splitting, while
gray bands in (e) and (f) indicate spin degeneracy. The insets of
(a) and (d) show the Fermi surfaces in the metallic states with
U = 3.6t0, with gray broken lines indicating the reduced Brillouin
zone of the staggered magnetic state. The Fermi surfaces consist of
hole pockets at (±π/2,±π/2) and electron pockets at (±π, 0) and
(0, ±π ).

structure and Fermi surface requires an additional spin-flip
σ → σ̄ operation due to the sign reversal of the hτ3 ⊗ σ3 term
in Eq. (8) under the C4 operation.

In the ordered state, PT symmetry is broken since, for a
general momentum k, the degeneracy between the k ↑ and
k ↓ states is lifted. This can be understood from the form of
the Hamiltonian in Eq. (8) since, under the PT operation, the
1
2 [εAA(k) − εBB(k)]τ3 term in h(k) transforms into its negative
value. For the altermagnetic model, this term is finite, except
along the diagonal |kx| = |ky| and zone boundary |kx ± ky| =
π , due to the difference in t1 and t2 hoppings between the two
sublattices.

The phase diagram shown in Fig. 2(d) for the correspond-
ing translationally invariant model [Fig. 1(b)] with εBB = εAA

is similar, exhibiting an antiferromagnetic phase for U �
3.45t0 that evolves from a metallic state in the orange region
to an insulating state in the green region. In contrast to the
altermagnetic state, the corresponding band structure of this
model shown in Figs. 2(e) and 2(f) is spin degenerate and
lacks C4 symmetry since t1 �= t2. This can be seen from the
Fermi surface for the U = 3.6t0 metallic state, shown in the
inset of Fig. 2(d). In this case, PT symmetry is preserved

because the 1
2 [εAA(k) − εBB(k)]τ3 term in h(k) vanishes for

the antiferromagnetic model.

IV. INELASTIC NEUTRON SCATTERING

The dynamic spin susceptibility that determines the
neutron scattering intensity is given by

χi j (q, iωm) =
∑
l,l ′

∫ 1/T

0
dτeiωmτ

〈
Tτ Sl

i (q, τ )Sl ′
j (−q, 0)

〉
,

for transferred momentum q and bosonic Matsubara fre-
quencies ωm = 2mπT with temperature T . We will consider
both scattering with positive chirality given by χ+− and
scattering with negative chirality given by χ−+. These suscep-
tibilities are calculated with the spin-flip operators Sl

+(q) =∑
k ψ

†
l↑(k + q)ψl↓(k) and Sl

−(q) = ∑
k ψ

†
l↓(k + q)ψl↑(k).

In the multiorbital random phase approximation (RPA)
[14,15], χi j is calculated from an orbital-dependent spin-
susceptibility tensor,

χ
	1	2
	3	4

(q, iωm) = {χ0(q, iωm)[1 − Uχ0(q, iωm)]−1}	1	2
	3	4

.

Here, U is a 16×16 matrix containing the on-site
Coulomb interaction U with matrix elements U 	1	2

	3	4
=

Uδl1l2δl1l3δl1l4 [δσ1σ̄2δσ1σ3δσ1σ̄4 − δσ1σ2δσ1σ̄3δσ1σ̄4 ], and the matrix
elements of the bare susceptibility χ0 are given by

(χ0)	1	2
	3	4

(q, iωm) = − T

L

∑
k,εn

G	3	1
0 (k + q, iεn + iωm)

× G	2	4
0 (k, iεn), (10)

with G		′
0 (k, iεn) the bare Green’s function,

G		′
0 (k, iεn) =

∑
ν

a	
ν (k)a	′∗

ν (k)

iεn − ξνk + μ
, (11)

and εn = (2n + 1)πT the fermionic Matsubara frequencies.
Carrying out the usual analytic continuation of Matsubara
frequencies ωm to the real frequency ω axis, the physical spin
susceptibility χi j (q, ω) is then obtained as

χi j (q, ω) =
∑
l,l ′

∑
α,β,γ ,δ

σ i
αβσ

j
γ δχ

lα,lβ
l ′γ ,l ′δ (q, iωm → ω + iη).

(12)

Here, the operators σ+ = 1
2 (σ1 + iσ2) and σ− = 1

2 (σ1 − iσ2)
with the Pauli matrices σi, and η is a positive infinitesimal.

In Fig. 3, we show the imaginary part of the dynamic
spin susceptibilities χ ′′

+−(q, ω) [Fig. 3(a)] and χ ′′
−+(q, ω)

[Fig. 3(b)], and their average [Fig. 3(c)], for the altermag-
netic state calculated in the insulating region for U = 4t0
along high-symmetry directions in the Brillouin zone. As a
comparison, Fig. 3(d) shows the spectrum obtained for the
antiferromagnet with orthorhombic anisotropy. For all cases,
the spin-wave dispersion has minima at q = 0, (π, π ) and
(π/2, π/2) with the largest intensity at (π, π ) because of
the staggered magnetic ordering. A closer inspection of the
detailed dispersion near q = 0, however, reveals important
differences: Due to the orthorhombic anisotropy in the hop-
ping amplitudes, the dispersion along qx from q = 0 to (π, 0)
is different from the dispersion along qy from q = 0 to (0, π ).
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FIG. 3. RPA spin susceptibility for the insulating state at U =
4t0: (a) χ ′′

+−(q, ω) and (b) χ ′′
−+(q, ω), and (c) their average, for

the altermagnetic model shown in Fig. 1(a), and (d) χ ′′
+−(q, ω) =

χ ′′
−+(q, ω) for the orthorhombic antiferromagnetic model shown in

Fig. 1(b).

For the altermagnetic model, this difference is reversed be-
tween the neutron scattering response with positive chirality
described by χ+− shown in Fig. 3(a) and the response with
negative chirality shown by χ−+ in Fig. 3(b). This differ-
ence is similar to that previously observed in calculations
for an effective Heisenberg model of RuO2 in Ref. [13]. As
a result of the chirality-dependent spin-wave dispersion, the
average of χ+− and χ−+ shown in Fig. 3(c) displays two
branches dispersing out of q = 0. For the antiferromagnetic
case shown in Fig. 3(d) obtained for the model with or-
thorhombic anisotropy, a similar asymmetry between qx and
qy is seen. For this case, however, the spectrum does not
depend on chirality, i.e., χ+− = χ−+, and the total scattering
intensity shows only a single branch.

Figure 4 shows the corresponding spectrum obtained for
the metallic state at U = 3.6t0. In this case, the overall in-
tensity drops to about half of that for the insulating state and
the increased Landau damping due to the metallic character
is obvious. Similar to the insulating case (Fig. 3), however, a
clear asymmetry in the low-energy spin excitations is visible
near q = 0. For the altermagnetic case Figs. 4(a) and 4(b),
this asymmetry is again reversed between different chiralities,
and the average of χ+− and χ−+ has two distinct branches for
energies up to ∼t0 [Fig. 4(c)].

In the RPA approach, the chirality dependence of the re-
sponse can be traced to an asymmetry in the propagation
between spin-↑ and spin-↓ particles. As shown in the insets
of Figs. 3(a) and 4(a), the neutron scattering process with
positive chirality involves a spin S = 1 particle-hole excita-
tion, where momentum q is transferred to a spin-↑ electron.
Conversely, as shown in the insets of Figs. 3(b) and 4(b),
a scattering process with negative chirality involves a spin
S = −1 particle-hole excitation, where momentum q is trans-
ferred to a spin-↓ electron. Since spin-↑ and spin-↓ electrons
propagate mainly on different sublattices, the difference in the
magnetic excitations described by χ+− and χ−+ can be traced

FIG. 4. RPA spin susceptibility for the metallic state at U =
3.6t0: (a) χ ′′

+−(q, ω) and (b) χ ′′
−+(q, ω), and (c) their average, for

the altermagnetic model shown in Fig. 1(a), and (d) χ ′′
+−(q, ω) =

χ ′′
−+(q, ω) for the orthorhombic antiferromagnetic model shown in

Fig. 1(b).

to the differences in the electronic structure between the two
sublattices.

V. CONCLUSION

We have introduced a microscopic two-sublattice Hubbard
model with alternating, C4 symmetry-breaking orthorhombic
anisotropy in the hopping parameters, which provides a mini-
mal framework to study altermagnetism. Using an unrestricted
Hartree-Fock approximation, we have found an altermagnetic
state with staggered magnetization and spin-split band struc-
ture, which evolves from a metallic state at small U to an
insulating state at larger U . We have used this model and
an RPA approximation of the dynamic spin susceptibility
to study the inelastic neutron scattering response in the al-
termagnetic state, and compared this response with that of
a corresponding conventional antiferromagnetic model with
orthorhombic anisotropy, for both the metallic and insulating
states. As one would expect, we have found that the mag-
netic spectrum described by χ ′′(q, ω) breaks C4 symmetry
for both of these models, and in the case of the altermagnetic
model, also depends on its chirality, described by either χ ′′

+−
or χ ′′

−+, for q along certain directions in the Brillouin zone.
For the conventional antiferromagnetic state, the magnetic
excitation spectrum is chirality degenerate. The observation of
chirality-split magnetic excitations in inelastic neutron scat-
tering experiments may therefore be used as evidence for
altermagnetism.
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